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Executive Summary 

           Our research examines the possibility of using satellite selection to improve global 

positioning system (GPS) accuracy. Although GPS is generally accurate at showing users where 

they are located on the earth, various sources of error may cause its output to be incorrect. The 

primary source of this error is in the atmosphere. GPS uses satellites that transmit radio signals, 

and these signals are subject to atmospheric interference. A GPS receiver needs to get data from 

at least four satellites in order to find its position, but typically there are more than four satellites 

available. We looked at how using the data from different configurations of satellites can reduce 

error caused by the atmospheric effect. To do this, we created a computer simulation that allows 

us to quickly test thousands of satellite configurations at an instant in time. Our simulations 

showed that the average error is lowest when data from all possible satellites are used. However, 

there are many configurations that give much less error. After multiple runs of the simulation, 

we concluded that a GPS is most accurate when using the combination of four satellites whose 

angles of elevation from satellite to receiver are closest to 45 degrees. This method offers an 

improvement in accuracy compared to the current method that GPS uses to select satellites, and 

would be practical to implement on GPS receivers. 
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Problem Statement 

 The Global Positioning System (GPS) is an essential tool for navigation in today’s world. 

Developed in the 1970s for U.S. military use, it has since grown widely in use and today has 

numerous important applications.  

 

With a GPS receiver, a user can find his or her position anywhere on the earth. The receiver will 

communicate with whichever of the 31 GPS satellites that orbit the earth are visible to it at  any 

given time. However, GPS faces some inherit issues that reduce its ability to provide the user with 

an accurate position. 

 

The largest error source in GPS is due to atmospheric effects, almost entirely as a result of a layer 

of atmosphere called the ionosphere. The ionospheric effect is heavily dependent upon solar 

activity and is greatly increased during periods of high solar activity. The error can range from 4 

meters under normal conditions to errors much greater during solar storms.  

 

This research can have an impact by providing both civilian and military users with a positioning 

tool that is more accurate.  
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Hypothesis 

 A GPS needs to use at least four satellites to get its position, but normally there are 

more than four satellites available for use. We hypothesize that we can reduce GPS error 

caused by the ionosphere by selecting which of the visible satellites the GPS should use. We will 

examine the effects that selecting different satellites has on GPS accuracy by creating a 

computer simulation. We expect to reduce the potential for error in receiver positioning. 

 

Procedure 

 In order to begin, we have to find a way to describe the ionospheric effect. The ionosphere 

is a layer of the atmosphere that contains atoms that have been ionized by solar radiation. This 

causes the ionosphere to have a high density of free electrons—a density that varies depending 

on solar activity. These free electrons affect the electromagnetic signal that is being transmitted 

by the GPS satellite. To determine the ionospheric effect, we first take a measurement of the 

electron content of the ionosphere, which we call total electron content (TEC). We refer to it in 

one of two ways: either slant TEC or vertical TEC. Slant TEC is defined as follows: 

 

𝑇𝐸𝐶𝑆 =  ∫ 𝑛𝑑𝑠
𝑅𝑒𝑐𝑒𝑖𝑣𝑒𝑟

𝑆𝑎𝑡𝑒𝑙𝑙𝑖𝑡𝑒

 

In this equation, n is the electron density and s is the ray path.  

 

Vertical total electron content, on the other hand, is integrated perpendicular to the ground. This 

is useful for creating maps of the ionosphere. 
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With the electron content of the ionosphere defined, we can look at its effect on the 

electromagnetic waves broadcast by the satellites. The speed of propagation of the radio waves 

through the ionosphere is determined by the density of electrons there. This causes an increased 

propagation speed for the sinusoidal carrier wave and a decrease in propagation speed for the 

wave modulating the carrier. As a result of this delay of modulation, known as the group delay, 

the receiver gets the data broadcast by the satellite later than expected. This effect is called the 

first order ionospheric effect. The equation for group delay, measured in meters, is derived in 

Alizadeh et al. (2013), where TECS is the slant total electron content, and f is the frequency of the 

signal: 

 

𝛥𝜌 =
40.31 ∗ 𝑇𝐸𝐶𝑆

𝑓2
 

 

It follows that the delay given in seconds, with c as the speed of light, is: 

 

𝐼𝑓 =  
𝑐

𝛥𝜌
 

 

Next, we must look at how a GPS receiver actually calculates its position—a process known as 

trilateration. The receiver calculates its distance to at least four satellites. One could imagine 

drawing spheres from each satellite that represent the possible location of the receiver. The point 
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of intersection of the spheres is the location of the receiver. Mathematically, this involves solving 

a system of up to n equations similar to the following:  

 

𝑐(𝑡𝑟𝑒𝑐 − 𝑡𝑠𝑎𝑡 + 𝑡𝑐𝑜𝑟𝑟𝑒𝑐𝑡𝑖𝑜𝑛 ) =  √(𝑥𝑠𝑎𝑡 − 𝑥)2 + (𝑦𝑠𝑎𝑡 − 𝑦)2 + (𝑧𝑠𝑎𝑡 − 𝑧)2 

 

In this equation, 𝑥𝑠𝑎𝑡, 𝑦𝑠𝑎𝑡, and 𝑧𝑠𝑎𝑡 are the coordinates of the satellites (which are included in 

the satellites’ broadcast); c is the speed of light; x, y, and z are the positions of the receiver; 𝑡𝑟𝑒𝑐 is 

the time when the receiver got the signal; 𝑡𝑐𝑜𝑟𝑟𝑒𝑐𝑡𝑖𝑜𝑛 is a variable that is meant to account for the 

inaccuracy in the receiver’s clock; and 𝑡𝑠𝑎𝑡 is the time at which the satellites broadcast the signal 

(also included in the broadcast). Solving a system of at least four of these equations allows the 

GPS to find its coordinates.  

 

However, due to the group delay caused by the ionosphere, the signal takes longer than it should 

to reach the receiver. Since the receiver does not know the delay, the distance found by the 

equations will have errors and will lead to finding an incorrect position.  

 

Our research examines how having the receiver select particular configurations of satellites will 

reduce this effect. To do this, we create a computer program using Java that simulates a GPS 

environment. The simulations import data on TEC and current satellite orbits and then calculate 

the first order ionospheric effect for each satellite. Then, we look at all possible configurations of 

at least four satellites and find the configuration with the least possible error. We will then 
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examine the patterns in the selection it makes and see how it can improve GPS accuracy. A 

flowchart of the code is given in appendix A.  

 

There are several intricacies involved in actually creating the simulation. The simulation begins 

by downloading a vertical TEC map and current GPS satellite orbit data. First, we need to know 

which satellites are actually visible to the receiver and can be used. An equation can be created 

based on the fact that a satellite and receiver can have a difference in latitude and a difference 

in longitude at a maximum of theta degrees. We define theta as follows:  

𝜃 = 90 −  sin−1 (
𝑅𝑒𝑎𝑟𝑡ℎ

𝑅𝑒𝑎𝑟𝑡ℎ +  𝑅𝑠𝑎𝑡𝑒𝑙𝑙𝑖𝑡𝑒

) 

Now that we know which satellites are visible to the receiver, we need to find the slant TEC for 

each satellite in order to determine the first order ionospheric effect. To accomplish this, we have 

to convert from vertical TEC to slant TEC. We assume that the ionosphere is a single spherical 

layer above the earth, and then we can use a mapping function to convert from vertical TEC to 

slant. The function, derived by Alizadeh et al. (2013), is as follows:  

𝑇𝐸𝐶𝑆

𝑇𝐸𝐶𝑉
=  (1 − (

𝑅𝑒 cos 𝜇

𝑅𝑒 + ℎ𝑖𝑜𝑛𝑜
)

2

)

−1/2

 

In this equation, 𝜇 represents the elevation angle from satellite to receiver, and ℎ𝑖𝑜𝑛𝑜 is the height 

of the ionosphere, which we assume to be 400 kilometers. From this, the program can calculate 

the first order ionospheric effect, which will be used later as we replicate the GPS position 

calculation. 
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Earlier, we showed the equation that GPS uses to solve for its position. We need a system of at 

least four equations, because we have four different variables (time correction, x, y, and z). We 

could algebraically solve four equations, but if we have an over-determined system (more 

equations than variables), we have to look into new ways of solving. We can have as many 

equations as there are satellites visible. In order to solve the equations, we must use linear 

algebra techniques. First, we organize our data into matrices as follows. Note that 𝑝 is the 

pseudorange, or distance to the satellite from the receiver; the vector �⃗� is a 4D vector with x, y, 

z coordinates of the satellite and the pseudorange 𝑝; and the vector �⃗⃗� is a similar 4D vector for 

the receiver, except the fourth entry is the time correction. This method of solving was defined 

by Strang and Bore.  

𝐁 = [

𝑥1 𝑦1

𝑥2 𝑦2

𝑧1 −𝑝1

𝑧2 −𝑝2
𝑥3 𝑦3

⋮ ⋮
𝑧3 −𝑝3

⋮ ⋮

] 

𝐚 ⃗⃗⃗ ⃗ =  
1

2
 [

〈 𝐬 ⃗⃗⃗1 , 𝐬 ⃗⃗⃗1〉

〈 𝐬 ⃗⃗⃗2, 𝐬 ⃗⃗⃗2〉

〈 𝐬 ⃗⃗⃗3, 𝐬 ⃗⃗⃗3〉
⋮

]  where 〈 𝐬 ⃗⃗⃗1 , 𝐬 ⃗⃗⃗1〉 is a Lorenz inner product   

 Λ =  
1

2
〈�⃗⃗⃗�, �⃗⃗⃗�〉 

�⃗⃗� =  [

1
1
1
⋮

] 

We return to the original distance equation, and use algebraic manipulation to rearrange it as 

follows. Note that 𝑏 = 𝐶 ∗ ∆𝑡, or the position error caused by the receiver’s inaccuracy.  

 

(𝑥𝑖
2 + 𝑦𝑖

2 +  𝑧𝑖
2 −  𝑝𝑖

2) − 2(𝑥𝑖𝑥 +  𝑦𝑖𝑦 +  𝑧𝑖𝑧 − 𝑝𝑖𝑏) +  (𝑥2 +  𝑦2 +  𝑧2 −  𝑏2) = 0 
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Which we then rewrite as follows, 

1

2
〈 𝐬 ⃗⃗⃗𝑖, 𝐬 ⃗⃗⃗𝑖〉 −  〈 𝐬 ⃗⃗⃗𝑖, �⃗⃗⃗� 〉 + 

1

2
〈 �⃗⃗⃗�, 𝐮 ⃗⃗⃗⃗ 〉 = 0 

Since we’ve already defined our matrices, we can rewrite all n of these equations as follows. 

𝐚 ⃗⃗⃗ ⃗ − 𝐁�⃗⃗⃗�  +  Λ�⃗⃗� = 0 

Next, we want to generalize this equation to include more than four possible satellites. We solve 

for the least squares solution and rearrange as such: 

�⃗⃗⃗� = 𝐁+(𝐚 ⃗⃗⃗ ⃗ + Λ�⃗⃗�)      where    𝐁+ = (𝐁𝐓𝐁)−𝟏𝐁𝐓  

Solving these equations with the help of a Java matrix library gives us two answers. The 

coordinates will not be located on the surface of the earth for one of the answers, so we can 

ignore that one to reach our final answer.  

 

For the first run of this simulation, we calculated the actual coordinates of the receiver using 

correct pseudoranges. We then repeated this process for every possible configuration of 

satellites, except the pseudoranges have been changed based on the first order ionospheric 

effect for each satellite. In each run, we collected the output that a receiver would have given 

the user with the ionospheric effect and compared that to the actual position of the receiver. 

Since these are simply 3-D coordinates, the distance formula allowed us to find the error. 
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Results and Conclusion 

 The simulation allowed us to test various configurations of satellites by producing an 

overlay of GPS satellites on a map of the earth as seen in Fig. 1.0.  

 

Fig 1.0: Output of the simulation. The background is a map of vertical total electron content (TEC), 

as provided by NASA. Areas of dark blue have the lowest TEC, while areas with yellow and orange 

have higher TEC. The overlay is generated by the program. The green circle is the location of the 

receiver and all the squares are GPS satellites. The pink squares are ones that have been selected 

by the program, the red squares are visible satellites that have not been selected, and the orange 

satellites are not visible to the receiver. In each visible satellite a number is given, which is the first 

order ionospheric effect on that satellite. The white dot represents the location of the ionospheric 

pierce point for each selected satellite. 
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Fig 1.2: Average error per amount of satellites selected 

Fig 1.1: GPS error for different satellite configurations. The error range narrows as more 
satellites are used, but one of the four-satellite configurations had the smallest error. 
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For this particular run of the simulation, there were eight satellites visible, which meant that 

there were 163 unique combinations of satellites available. The configuration with the least error 

used four satellites and had an error of 1.92 meters. When plotting the average error per number 

of satellites used (Fig 1.1), several trends are apparent. First, the range of error increases as fewer 

satellites are used. The error when using eight satellites is a little more than 5 meters, while the 

error when using four satellites ranges from approximately 2 meters to 11 meters. As shown in 

Fig 1.2, the average error drops when going from four to five satellites and remains fairly similar 

when using five or more.  

 

Our results show that the primary drawback of using fewer satellites is a greater range of error, 

potentially ranging from minute to very large. Current GPS technology relies on all visible 

satellites, ensuring that the error given is only moderate. But this method has shortcomings. As 

shown in Fig 1.1, there are many configurations that give a lower error than that of the eight-

satellite configuration. The question that remains is, how can the receiver figure out which 

configurations will have the lowest error? Through several runs of the simulation, we noticed 

that the simulation typically does not choose the satellites closest to and furthest from the 

receiver. Based on this observation, we decided to alter the simulation so that it eliminated these 

satellites. We accomplished this by eliminating satellites furthest from the receiver, or those with 

angles of elevation from receiver to satellite of less than 10 degrees, and closest to the receiver, 

or with angles of elevation greater than 80 degrees. We could then compare those configurations 

with ones that use all visible satellites.  
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Fig 1.3: A different run of the simulation shows the error per satellites used. (Top) Error with all 
combinations of 12 satellites. (Bottom) Error after eliminating all satellites that have an angle of 
elevation greater than 80 degrees or less than 10 degrees.  
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The process of satellite elimination enabled us to reduce our error considerably (Fig 1.3). The GPS 

in this case would have had an error of nearly 24 meters when all satellites are used, but by 

eliminating the satellites at extreme angles we reduced the error to approximately 15 meters. 

We were able to further improve accuracy by eliminating satellites with angles of less than 20 

degrees and greater than 70 degrees. In essence, we selected the satellites whose angles of 

elevation are closest to 45 degrees. With those criteria in effect, the simulation produced an error 

of only 12.7 meters. Replacing the current method GPS uses with this method would reduce the 

error by almost half. These results were consistent across multiple runs of the simulation, as 

shown in appendix A.  

 

The next step is to verify this method by testing on an actual GPS receiver. If this testing verifies 

the results of our simulation, then we have discovered a way to reduce GPS error significantly 

that can be utilized by all GPS receivers.   
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Appendix 

A: Data Samples 

          This section contains data samples. We ran the simulation four times and show the results 

of each execution here. In each sample, the output map is shown. The satellites selected are 

shown in pink, and were selected using our method discussed earlier. Also given is a graph of 

error per satellites used, where number of satellites used is the X axis and error is the Y axis. 

Average errors per satellite used are given by the program and shown in a list. Finally, the error 

given by the current method of satellite selection is shown, along with the error given by our 

method of selection. It is clear in all cases given here that the new method of selection has 

improved accuracy. Note that all error measurements are given in meters. The samples begin 

on the following page. 
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Sample 1: 

 
Average Error 4: 28.62806811436276 
Average Error 5: 22.73126523629966 
Average Error 6: 22.638542272911863 
Average Error 7: 22.78303643563587 
Average Error 8: 22.937730456709378 
Average Error 9: 23.06956385168643 
Average Error 10: 23.171390810299144 
Average Error 11: 23.2440934206596 
Average Error 12: 23.28949720053473 
Error using current GPS Method: 23.28949720053473 
Error using our method: 12.747992866264305  
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 Sample 2: 

 

 
Average Error 4: 25.615127616307944 
Average Error 5: 15.991174995236994 
Average Error 6: 15.91946357041925 
Average Error 7: 16.03206068182871 
Average Error 8: 16.108697802052955 
Average Error 9: 16.156724327528565 
Average Error 10: 16.186065994674877 
Average Error 11: 16.202455415001413 
Average Error 12: 16.208992672850638 
Error using current GPS method: 16.208992672850638 
Error using our method: 10.487810780618751  
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Sample 3: 

 

Average Error 4: 22.73460190556294 
Average Error 5: 14.913460684006036 
Average Error 6: 14.616005573529067 
Average Error 7: 14.735460702724057 
Average Error 8: 14.804813583946984 
Average Error 9: 14.835333309014077 
Average Error 10: 14.841027850150342 
Average Error 11: 14.829418361004171 
Average Error 12: 14.804321458566767 
Error using current GPS method: 14.804321458566767 
Error using our method: 6.73400037974039  
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Sample 4: 

 

 
 
Note: In the map overview our method of selection is shown.  
Average Error 4: 3.443098064301862 
Average Error 5: 3.2013833649803547 
Average Error 6: 2.7158399379450042 
Average Error 7: 2.6454004105747613 
Average Error 8: 2.6104269758580725 
Average Error 9: 2.5803133151115527 
Error using current GPS method: 2.5803133151115527 
Error using our method: 2.0692667611783846  
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B: Simulation Overview 

 

Preparing Data

• Import data on current vertical 
total electron content on earth 
and current GPS satellite orbit 
positions. 

Create Environment

• Create the simulated 
environment by reading all data 
and setting up objects in 
different locations

Find Visible Satellites

• Figure out which satellites are 
visible to our simulated receiver

Find Slant TEC

• Convert from vertical total 
electron content to slant 
electron content for each 
satellite visible to the receiver

Find First Order 
Ionospheric Effect

• Calculate the ionospheric delay 
and distance error for each 
satellite

Find all Unique 
Combinations

• Calculate all possible 
combinations of at least four 
satellites.

Simulate GPS Position 
Calculation

• For each combination, calculate 
the position the receiver would 
output given the error.

Compare Calculated 
Position to Actual

• Find actual error by calculating 
the position and comparing it 
to the actual position.


