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Executive Summary
The goal of this project is to compathe orbital estimations made by a series of

common numerical integration schemes. Numerical integration is a mathematical
process that estimates the solution to a differential equationahabt be solved
analytically.

To testthenumerical integrton schemesye set up an ideal twiody celestial
mechanics problenm C#. We chose a problem that could be solved analytically so that
we could compare the estimations produced by the numerical integration schemes to the
true orbit of the celestial bgd

Using C#, we i mpl e me n-KutadOrdenl) Reng&usta Met h o d,
Order 4, Adams Bas hf apfrog Meth@d, &ntl BukLrotert hod, The
Method. In addition, we designed and implemented our own method, a modified version
of RungeKutta Order 2.

We compared methods based on stability varyingtime stegs, accuracy in
position, accuracy in velocity, conservation of energy, conservation of angular
momentum, and conservation of the eccentricity vector. After comparing our results, we
determined that our modifieRungeKutta Order 2s the most stable o | ut i on. Gillé
Met hod is slightly | ess stable, but more acc
and Adams Bashford are the least stable emasequently, least accurate. Basadur
results, we coruded thaitGi | | 6 s is theebtstmarebrical integration schertee
implement when solvingn ODE numerically, especially when estimating orbits in

celestial mechanics problem.



Problem Statement

For years, sciergts studying disase spread amabital mechanics struggled to
solve complex differential equations analytically. However, with the advent of
computational modeling, scientists and mathematicians began creating numerical
integration methods that could easily approximagedolution of a differential equation
that could not beasily or efficientlysolved analytically. Today the internet is littered
with dozens of numerical integration schemes, but which one gives the most accurate
approximation of the real solution?

There isno definitive answer to this question. Each ordinary differential equation
behaves differently. Howevausing an ideal twdody orbital mechanics problem we
can observe general patterns of behavior in each method. Because-tioelywwoblem
is centered on aimpleordinary differential equation that can be solved analytically as

well as numerically, an exact solution, a point of reference and comparison, exists.



Part I. Description of Program

Introduction to Numerical Integration
WhenLeibnizand Newton simultaneously stumbled onto the vast field of

graphical and functional analysis that we know as calculus, they introduced the world to a
new array of mdtematical possibilities. Along with these new probisoiving tools

came a new set of mamaticalconundrums In the field of integration, mathematicians
quickly discovered that there were still some ordinary differential equations that could
not be solved analyticallyln order to solve these equations, mathematicians designed a
new methodf problem solving, numerical integration. Just as the fathers of calculus had
used small estimations to determine the integral of a function, Euler, Runge, Kutta, and
Adams realized that small estimations could also be used to estimate the path that a
function followed, that is, the solution to the problem. Numerical integration was
immediately recognized as an invaluable tool, and many mathematicians dneated t

own formulas to expresstimatiors, numerical solutions, to ordinary differential

eguatias that canot be solved analytically. Although numerical integration has been a
central part of mathematics for more than a century, there is still much discussion over
the different formulas that have been used to estimate analytical solutions. Bmuduse
ordinary differential equation behaves differently, no single method can estimate every
analytical solution perfectly. Numerical integration and the search for the ideal method,

remain at the forefront of modern mathematics.

Numerical htegrationwas createdb solve ordinary differential equations (ODES)
that could not be solved analytically.nArdinary differential equation is a function that

expresses the rate of change of a function with respect to the changing variables. In other



words,anODE is expressed in the fo%X: f(x,y). When solving an ordinary
X

differential equation, the goal is to firthe function that createdspecific rate of change,
given the initial values of the variables. Although some ordinary differeagiations

can be solved with simple algebra and integration, many cannot be solved analytically.
However, h physics, engineerings@onomy, and chemistithe solutions to ordinary
differential equations are critical. It is relatively simple to meatheeate of change of

a function (i.e. velocity, temperature change, decay rate, rate of population growth) and
determine an ordinary differential equation that can be solved to express the true
function. Solving these ordinary differential equations paovide a link between the
theoretical and the experimental, and are critical in every field of science. Although
numerical integration schemes do not provide us with an exact solution to some of these
more difficult equations, the numerical estimatioresiavaluable tool in natural science

as well as mathematics.

Today, the internet is littered with hundreds of differential numerical integration
schemesAll of these methods can be divided into two general categories: implicit and
explicit. Explicitmethods are methods that find the numerical approximation to a
solution given a set of initial valuesmplicit methods solve for the position at a given
time based on a functicof the current and next valaed can often be more
computationally intense. This project focuses solely on explicit methods

The first explicit methodappearedhortly after the introduction of Calculus.
Rightly, the most famous of thesethods, was the first. In the late™&ntury

LeonhardEu |l er i nvented the first numeri cal

nt e



method. Although Euler is best known for fasnousidentitye™ +1=0 and his work
with number theoryhe dso recognized thealue of numerical approximation, and
greatly expanded the emerging field of calculAscentury later, German
mathematicians Carl Davitiblmé Runge and Martin Wilhelmu{tacreated a new
family of explicit numerical integration schemksown as the Rungkutta methods.
The most popular Rungéutta method is the fourth order method, more camiyn
known as RK4and is often coupled with predictor correctors or other methods of
optimizingstep sizes

Numerical integration has a wide variety of applications in Physics, Astronomy,
Chemistry, and Biolgy. In Biology, scientistase numerical integration to estimate rates
of growth for bacterial populations. In Chemistry, numerical integration is often used to
analyze changes in energy during chemical reactions. It is alsecnuggd dynamics
(See Adam®Bashford. In Engineeng, numerical integration is often used to analyze
current flow in a circuit. But perhaps the most common application of numerical
integration is in Astronomy. Astronomers frequently use numerical integration to
determine the orbit of a celestial bodyem an initial observed position and velocity.

Our project focuses on this particular application of numerical integration.

Celestial Mechanics and the TvBwdy Problem

Celestialmechanics is a subset of astronomy tlesicdbes the motion of bodies
in an orbital system As opposed to orbital mechanics which deals specifically with
orbiting spacecraft, celestial mechanics is a broader field of astronomy which deals with

both naturaland mama de bodi es. Cel esti al mec hani

CsS
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and gravity to determinghe path of a given bodg a system. In 1605, Johannes Kepler

derived threeanathematical aws fr om Newtonds | aws of moti or
specifically with celestial bodies in our solar system. The first ckthevs sites that

the paths of all celestial bodies around the sun are ellipses with respect to the sun at one

focus. The second law says thatelestial bodysweeps out equal areas over equal

amounts of time. Therefore, thelestial bodys moving faster wheis closer to the sun,

resulting in a changing velocity in nanircular orbits. The third law relates the period of

the orbit to the length of the semiajor axis (the long radius of the ellipse). This

relationship shows us that a planet in a smalltonioives much faster than one in a large

orbit. These laws allow astronomers to model the orbit of a celestial body.

For our program, weet up an ideal twbody problem. Because the goal of this
project is to compare numerical integration methodsgideot want to focus on creating
a complex celestial mechanics problertm addition we closeto program a few
methods that dealt speciiky with the twebody problem In an ideal twebody
problem, there are two celestial bodies that orbit around each other. Often one body is
substantially larger than the othén example of @ommontwo-body problem is the
moon orbitingaroundthe Earth or a planet rotating around the sun (we use the latter for
our program).We say that this problem is ideal because the orbit is a perfect ellipse, and
all of the orbital parameters remain constamtiese parametemscludethe energy
angular momentum, aretcentricityof the system For our problem, we used a series of
general orbital parameters in order to determine our analytic sollitiese parameters

includedVelodty, PositionandMass The velocityis the spedand directiorat which



the planets travel in the moddf. velocity increaseslramatically the orbit becomes
hyperbolic If the velocity decreasesgnificantly, the planetraslesinto the sunThe

position is the location of a plangiven by its X Y, and Z coordinatesThere is a

limited range of positions in which the orbits are stable and do not become hyperbolic or
collide with the sun.The mass is defined as the masalbthe celestial bodies involved

in the orbital systemlf the mass othe planet is reducethe orbit remains similar

because of the large difference in mass between the sun and the planet. If the masses of
the sun and the planet are equlaén they both orbit around one another. The default
parameters in the program r@ehosen arbitrarily to define a stable ortMiodeling

planetary orbits is particularly interesting because in addition to utilizing numerical
integration, it gave our team an opportunity to explore the realms of celestial mechanics.

Basic Orbital Parameters

Velocity 7
X-Y Direction 180
Z Direction 90
Mass 1

X- Coordinate 0

Y- Coordinate 100
Z- Coordinate 0
Time Step 1
Center Object Mas| 4700
Run Length 1000

Analytic Solution
Although numerical integration is normally used to express sokitmproblems

without analytic solutions, in order to compare the accuracy of each numerical integration
method, it is essential that the problem can be solved analytically as well as numerically.

Usi ng Kmatpematicalaws, formulas found i@rbitd Motion by A.E. Roy and

help from our memtr, Mark Smith, wecreatel a program in C# that gave an accurate



solutionto the ideal twebody problem. Below is a brief description of the analytic
solution. The code for this section of the gram may be fond in Appendix |

The first step in our analytic program begins with the calculatiotfsecdngular

momentumthe mechanical energyandthe eccentricity vector, which are all conserved

guantitieswithin the orbital systemTheeccentricityvector isdefined as the distance

from the center of thellipse to thecenter of masef thefocus The eccentricity vect@s

magnitudas proportional to the eccentricitA pl anet 6 s | ocati on

vecto

from the center of ecentrity sesterAftér salcutading the al ong t he

locationvector, we determinthe true anomalpy calculating the angle between the

eccentricity vector and the location vector as measured from the fosugg the true

anomalyeccentricityvector, and the cwent locationwe derive the semmajor axisii a 0

and the semminoraxisi b & si ng Kepl erds third | aw we dete

According tothe relationship described B(ye pl er 6 s t hi rd | aw,
period is proportional to the cube radtthe semimajor axis.

Next, we use the true anomaly to determine the eccentric anolsilygthe
eccentricanomaly and the true anomalye canderive the meaanomalywhich we use
to determine the time singerihelionpassage.The perihelion pasge is the closest
point along the orbit to the center of mass (the Sun in our madsihg this
information we can determine the position and velocibéthe planets at any poisince

perihelionpassageThe point of perihelion passage is inlinehnttheeccentricity vector.

t

he saqt

We can calculate the mean anomaly at a new time step because it is directly proportional

to time. The eccentri@nomalycanb e det er mi ned lquatienol vi ng

Kepl



Now we have the tools we need to begin calculatingxhetgosition of the
orbiting body. We calculate the radius of the ellipse usingttbeanomaly eccentricity
and semi major axisBased on thé&rueanomalyand radiusthe positioralong theellipse
in the (X, y) coordinate systemf the plane btheellipsecan be determinedThis
coordinate system has the eccentrigitg ¢ t o r axis. The mgularfimoraentum
vecbr is represented on tipositivefizo axis The ¢oss producof the eccentricity and
the angul ar mo me nt wisnWe detersnimeotiehocation of théanei y 0  a
in thestandardX, y, 2) coodinate system by finding thetation betwen the elliptic and
absolute coordinate systerithe magnitude of the velocity can ¢eculatedusing the
mechanical energy. Thegle béweenthevelocity and positiovector is a functiomf
the eccentricity and the tr@momaly The angle between the velocity vector and the
position vector is a function of the true anomaly. By subtracting the true anomaly from
this angle we cafind the x and ycomponent®f the velocity vector.Similarly to the
locationvector t he velocity vector can be converted
coordinate systemThe solutions to the location and velocity vectors tell us exactly

where the orbiting badis and how the body is moving at any given time.

Eul er s Met hod

Al t hough Leonhard Eul erés explicit numer.|
little dated today, when it was invented in the lat& déntury, it revolutionized calculus.
Eul er &@g i @oantsi mi ght seem poor compared to tod:
important to understand where and how numerical integration started. We implemented

Eul er 6s Met hod f ictiorsta numeaical integradianiekt, we f i ntr odu



modified the Eler Method slightly to create the Euler Cromer Methododification
that deal with specific ODEBelow is a brief description oftieogi ¢ used i n Eul

Method

Eul erd6s method calcul ates the sl ope at a
interval to determine a new poirit.then repeats this process at the new point. The
average slope between the initial point and the next point is changing with time unless the
average slope is not equal to thwll sl ope of
underestimate the change in the slope. In the case of the two body problem, we have a
known ODE defining the acceleratidhge second derivative of the positiofihis can be
broken into two differential equations relating the position to its dérajatelocity, and
the velocity to its derivative, acceleration. These coupled differential equations are
solved simultaneously wusing Eulerds met hod.
the new positions calculated beforthe newvelocity. Thecode for this section of the

program may be fouhin Appendixl.

Euler Cromer Method
After researching Euler and numerical integration, we discoverethératwere many

methods build on the original Euler Method. We decided to investigatéulerCromer
Method, a symplectic integrato.om Cromer was an American mathematician who

developed this method in the 198@%ssymplectic integrator is a numerical integration
scheme that is designed to solve a specific set of ODEs. Euler Gramenly beused

with coupled differential equations and is more accurate than the Euler methioel for



ideal twebody problem The EulefCromer calculates the new points based on the slopes
at the current locatioexactly like the Euler method; however it updates\telocity

before it updates the position. This means the position is calculated based off of a later
velocityi ncr easi ng t he Thaedddfar thi@ sectianmicthe pragcagn may

be found inAppendixl. The equations for this method aredvel

Upi1 = Un + g(tn, o) At

Tn+1 = T f(t-n; ?-J-n+1) At
http://en.wikipedia.org/wiki/EuleCromer algorithm

Leap Frog Method
Yet another method that builds on Euler islteap Frog Method This method is

commonly used as a replacement to Eulétis metlod calculates the new position

based off the velocity and the acceleration at a given time and updates the velocity based
on the next time step. This offsets the calculation of the position and velocity by a time
step giving it its name as the positioms@& Vv e | o c i tOpasteaclithee 8 f r o g
Leap Fog method only works with coupled differential equatiomie code for this

section of the pogram may be found in Appendix The general equiains for the Leap

Frog Method ardisted below. Theltange in time is represented by h.1ys the new

point.
Yntl = Yn Tt hff_:r..'ﬂ,, yﬂ-]
h?
Yr1 = Yp — hf[‘r'”'- yﬂ} Ll Fif (IT-'}

http://www.cs.princeton.edu/introcs/94diffeq/



http://en.wikipedia.org/wiki/Euler-Cromer_algorithm
http://www.cs.princeton.edu/introcs/94diffeq/

The Runge&utta Methods

The RungeKutta methods were developed Ggrman mathematicians Carl
David Tolmé Runge and Martin Wi#tm Kutta in the late ¥9century. This family of
met hods was more complex than Eulerds Met hod
of problems, just | i ke Eul er-Kugamédtmdslare d . The
RungeKutta Order 2 (RR) and Rung&utta Order 4 (RK4). A second order method is
one in which the error per time step is on the ordet. oAtfourth order method is one in
which the error per time step is on the order oMhen the time step is less than one,
the error decreases dratitally for the higher order method. However, when the time
step is greater than one, the error is greater for a higher order mé&tm®® K4 method
is favored by scientists for this reason. Even though it runs slower thamsetinodsit
is ableto take longessteps, it is generally considered to be a stable, accurate method.

Below is a lnief description of both the RK2 and RKnethods.

The RungeKutta 2 methodRK?2), also known as the midpoint methdakes a
tentative step half way between tharent point and thpoint we are aiming foand uses
this slope to calculate the next point. The slope from the midpoint will almost always be
closer to the average slope between the current point and theonextThe code for
this section of the pgram may be found in Appendix The formulas for Rung&utta 2
arelisted below. The change is time is representel. ¢, is the slope at the initial

point. Kis the slope at a half time step.,.Yis the new coordinate.

k B f (Xns ¥n)

1 1 ‘
ks _ hf(xnt 3 hyn+ 3 ki)
Yotk + O (1),

Y+l



Note: This formula table was generated by Wolfram Mafibrid:

http://mathworld.wolfram.com/RuneéuttaMethod.html

The RungeKutta4 (RK4) uses a total of four tentaéistepskK;-K4, to calculate a
slope basedn a weighted average&; K, and Y,+; all represent the same quantities as
above.K3is also a half time step, but determinethggheK; slope. K is the slpe a
full time step using the K The code forhis section of the pgram may be found in

Appendixl. The equations for calculating; ¥, are as foows:

K = B f (Xns ¥n)

ks = ﬁf(—’f.-r+;ﬁ.~}'.-r+ék|]
ks - R (a4 5 Ry + 5 k)
Ky = hf(xn+h, ya+ k)

Vs - yt bkt kot bkt Lk +O()
Note: This formula table was generated by Wolfram Mafibrid:

http://mathworld.wfram.com/RungeKuttaMethod.html

Gi | Methed
Gill 6s Method is an explicit numerical in

Kutta. It was developed by British mathematician Richard D. Gill in the 1980s.l | 6 s
Method takes tentative steps in a mannearly identical to the Rungfaitta 4 The

major difference is the weighting system for theoskand the calculation of the &nd

K4 steps based on all the previous slopBEse code for this section of the program may
be found inAppendixl. Theequations are aslfows:

k| :-h f I:-Y.'rr }'.'r}
k=P f [n
ka=hrf [xn +

Boyn + 3 ki)

By v+ :'! (-1 +V2 )k +(1- :'! V2 )k

|
2
|
2


http://mathworld.wolfram.com/Runge-KuttaMethod.html
http://mathworld.wolfram.com/Runge-KuttaMethod.html

g =P f [0+, yn = N2 ka4 (145 V2) k).

http://mathworld.wolfram.com/GillsMethod.html

Modified RK2
In addition to implementing numerical integion methods that we researched

online and in print sources, we implemented our own version of the RK2 method. Our
modified RK2 works in almost the exact same manner as the RK2 method; however, it
calculates thekchange in velocity based on the positfoom %2 time step ahead. This

means the final positions and velocities are determined based on the slope at an estimated
point one time step ahead. The formulas we designed are listed below. The code for this
section of thgorogram may be found in Appéix |.

K]_ X = f(t,V)dt

Kiv =g (t + % dt, x + 1/Rx)dt

Ky X = f(t + % dt, v +1/2K1V)dt

Ko v =g(t+ Y2 dtx + 2K x )dt

Vn+1: Vn + K2X
X n+1: Xn + K2V

Adams-Bashford Method
Unl i ke Eul er 6 sKutideghe AdamisBashfordRviethagl as
designéd to solve a very specific problem. In 1883, British chemist Francis Bashford
approached John Couch Adams with a set of differential equations that modeled capillary
action, or the ability of a substance to draw another substance intdatmsAa

prominent British mathematician and the discovereNeptune, designed a numerical

integration scheme that estimated a soluti on

helped model the flow of liquid in a capillary tube.


http://mathworld.wolfram.com/GillsMethod.html

The AdamsBashford Method is a typaf linear multistep method for solving
Ordinary Differential Equations. Linear mulitep methods use linear combinations of
slopes at previous points to calculate the next point. These methods are-siairset
unless a sufficient number of pointeaready known. We chose to initialize our
AdamsBashford Method with the Rung€utta 4 because of idemonstrated accuracy
in our tests and its wide usagehe code for this section of the program may be found in
Appendixl. The formula for the AdamBashford follows:

Yn+a = Yntath (%f‘:th;y—nH) - %f{tﬂ+21 Ynr2) %f‘:tnﬂl Ynt1) — %f[tm E«‘-n)) -

http://en.wikipedia.org/wiki/Linear multistep nietd



http://en.wikipedia.org/wiki/Linear_multistep_method

Part Il: Results and Conclusions
Key

Analytic Solution

Eul er 6s My

EulerCromer
Method

RungeKutta 2
Method

RungeKutta 4
Method

AdamsBashford
Method

Gill 6s Me|

Leapfrog Method

000 808N

Modified RK2

Stability in Tme Step
Analytic Solution

Screenshots from Program:

Time Step: 0.1 Time Step: 1



Time Step: 10 Time Step: 100

Eul erds Method
Screenshots from Program:

Time Step: .1 Time Step: 1



Runge-Kutta 2

Time Step: .1 Time Step: 1

Time Step: 10






