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Executive Summary 
 The goal of this project is to compare the orbital estimations made by a series of 

common numerical integration schemes.  Numerical integration is a mathematical 

process that estimates the solution to a differential equation that cannot be solved 

analytically.   

 To test the numerical integration schemes, we set up an ideal two-body celestial 

mechanics problem in C#.  We chose a problem that could be solved analytically so that 

we could compare the estimations produced by the numerical integration schemes to the 

true orbit of the celestial body. 

 Using C#, we implemented Eulerôs Method, Runge-Kutta Order 2, Runge-Kutta 

Order 4, Adams Bashford, Gillôs Method, The Leapfrog Method, and Euler-Cromer 

Method.  In addition, we designed and implemented our own method, a modified version 

of Runge-Kutta Order 2. 

We compared methods based on stability with varying time steps, accuracy in 

position, accuracy in velocity, conservation of energy, conservation of angular 

momentum, and conservation of the eccentricity vector.  After comparing our results, we 

determined that our modified Runge-Kutta Order 2 is the most stable solution.  Gillôs 

Method is slightly less stable, but more accurate with smaller time steps.  Eulerôs Method 

and Adams Bashford are the least stable and, consequently, least accurate.  Based on our 

results, we concluded that Gillôs Method is the best numerical integration scheme to 

implement when solving an ODE numerically, especially when estimating orbits in a 

celestial mechanics problem.



Problem Statement 

 
For years, scientists studying disease spread and orbital mechanics struggled to 

solve complex differential equations analytically. However, with the advent of 

computational modeling, scientists and mathematicians began creating numerical 

integration methods that could easily approximate the solution of a differential equation 

that could not be easily or efficiently solved analytically. Today the internet is littered 

with dozens of numerical integration schemes, but which one gives the most accurate 

approximation of the real solution?  

There is no definitive answer to this question.  Each ordinary differential equation 

behaves differently.  However, using an ideal two-body orbital mechanics problem we 

can observe general patterns of behavior in each method.  Because the two-body problem 

is centered on a simple ordinary differential equation that can be solved analytically as 

well as numerically, an exact solution, a point of reference and comparison, exists. 

 



Part I: Description of Program 

Introduction to Numerical Integration 
 When Leibniz and Newton simultaneously stumbled onto the vast field of 

graphical and functional analysis that we know as calculus, they introduced the world to a 

new array of mathematical possibilities.  Along with these new problem-solving tools 

came a new set of mathematical conundrums.  In the field of integration, mathematicians 

quickly discovered that there were still some ordinary differential equations that could 

not be solved analytically.  In order to solve these equations, mathematicians designed a 

new method of problem solving, numerical integration.  Just as the fathers of calculus had 

used small estimations to determine the integral of a function, Euler, Runge, Kutta, and 

Adams realized that small estimations could also be used to estimate the path that a 

function followed, that is, the solution to the problem.  Numerical integration was 

immediately recognized as an invaluable tool, and many mathematicians created their 

own formulas to express estimations, numerical solutions, to ordinary differential 

equations that cannot be solved analytically.  Although numerical integration has been a 

central part of mathematics for more than a century, there is still much discussion over 

the different formulas that have been used to estimate analytical solutions.  Because each 

ordinary differential equation behaves differently, no single method can estimate every 

analytical solution perfectly.  Numerical integration and the search for the ideal method, 

remain at the forefront of modern mathematics. 

 

 Numerical integration was created to solve ordinary differential equations (ODEs) 

that could not be solved analytically.  An ordinary differential equation is a function that 

expresses the rate of change of a function with respect to the changing variables.  In other 



words, an ODE is expressed in the form ),( yxf
dx

dy
.  When solving an ordinary 

differential equation, the goal is to find the function that created a specific rate of change, 

given the initial values of the variables.   Although some ordinary differential equations 

can be solved with simple algebra and integration, many cannot be solved analytically.  

However, in physics, engineering, astronomy, and chemistry the solutions to ordinary 

differential equations are critical.  It is relatively simple to measure the rate of change of 

a function (i.e. velocity, temperature change, decay rate, rate of population growth) and 

determine an ordinary differential equation that can be solved to express the true 

function.  Solving these ordinary differential equations can provide a link between the 

theoretical and the experimental, and are critical in every field of science.  Although 

numerical integration schemes do not provide us with an exact solution to some of these 

more difficult equations, the numerical estimations are invaluable tool in natural science 

as well as mathematics.   

 

Today, the internet is littered with hundreds of differential numerical integration 

schemes.  All of these methods can be divided into two general categories: implicit and 

explicit.  Explicit methods are methods that find the numerical approximation to a 

solution given a set of initial values.  Implicit methods solve for the position at a given 

time based on a function of the current and next value and can often be more 

computationally intensive.  This project focuses solely on explicit methods. 

The first explicit methods appeared shortly after the introduction of Calculus.  

Rightly, the most famous of these methods, was the first.  In the late 18
th
 century, 

Leonhard Euler invented the first numerical integration scheme, aptly named Eulerôs 



method.  Although Euler is best known for his famous identity 01ie  and his work 

with number theory, he also recognized the value of numerical approximation, and 

greatly expanded the emerging field of calculus.  A century later, German 

mathematicians Carl David Tolmé Runge and Martin Wilhelm Kutta created a new 

family of explicit numerical integration schemes known as the Runge-Kutta methods.  

The most popular Runge-Kutta method is the fourth order method, more commonly 

known as RK4 and is often coupled with predictor correctors or other methods of 

optimizing step sizes.   

Numerical integration has a wide variety of applications in Physics, Astronomy, 

Chemistry, and Biology.  In Biology, scientists use numerical integration to estimate rates 

of growth for bacterial populations.  In Chemistry, numerical integration is often used to 

analyze changes in energy during chemical reactions.  It is also used in fluid dynamics 

(See Adams-Bashford).  In Engineering, numerical integration is often used to analyze 

current flow in a circuit.  But perhaps the most common application of numerical 

integration is in Astronomy.  Astronomers frequently use numerical integration to 

determine the orbit of a celestial body given an initial observed position and velocity.  

Our project focuses on this particular application of numerical integration. 

 

Celestial Mechanics and the Two-Body Problem 
 Celestial mechanics is a subset of astronomy that describes the motion of bodies 

in an orbital system.  As opposed to orbital mechanics which deals specifically with 

orbiting spacecraft, celestial mechanics is a broader field of astronomy which deals with 

both natural and man-made bodies.  Celestial mechanics uses Newtonôs laws of motion 



and gravity to determine the path of a given body in a system.  In 1605, Johannes Kepler 

derived three mathematical laws from Newtonôs laws of motion and gravity that dealt 

specifically with celestial bodies in our solar system.  The first of these laws states that 

the paths of all celestial bodies around the sun are ellipses with respect to the sun at one 

focus.   The second law says that a celestial body sweeps out equal areas over equal 

amounts of time.  Therefore, the celestial body is moving faster when is closer to the sun, 

resulting in a changing velocity in non-circular orbits.  The third law relates the period of 

the orbit to the length of the semi-major axis (the long radius of the ellipse).  This 

relationship shows us that a planet in a small orbit moves much faster than one in a large 

orbit.  These laws allow astronomers to model the orbit of a celestial body. 

  

 For our program, we set up an ideal two-body problem.  Because the goal of this 

project is to compare numerical integration methods, we did not want to focus on creating 

a complex celestial mechanics problem.   In addition, we chose to program a few 

methods that dealt specifically with the two-body problem.  In an ideal two-body 

problem, there are two celestial bodies that orbit around each other.  Often one body is 

substantially larger than the other. An example of a common two-body problem is the 

moon orbiting around the Earth or a planet rotating around the sun (we use the latter for 

our program).  We say that this problem is ideal because the orbit is a perfect ellipse, and 

all of the orbital parameters remain constant.   These parameters include the energy, 

angular momentum, and eccentricity of the system.  For our problem, we used a series of 

general orbital parameters in order to determine our analytic solution. These parameters 

included Velocity, Position and Mass.  The velocity is the speed and direction at which 



the planets travel in the model.  If velocity increases dramatically the orbit becomes 

hyperbolic.  If the velocity decreases significantly, the planet crashes into the sun. The 

position is the location of a planet given by its X, Y, and Z coordinates.  There is a 

limited range of positions in which the orbits are stable and do not become hyperbolic or 

collide with the sun.  The mass is defined as the mass of all the celestial bodies involved 

in the orbital system.  If the mass of the planet is reduced, the orbit remains similar 

because of the large difference in mass between the sun and the planet.  If the masses of 

the sun and the planet are equal, then they both orbit around one another.  The default 

parameters in the program were chosen arbitrarily to define a stable orbit.  Modeling 

planetary orbits is particularly interesting because in addition to utilizing numerical 

integration, it gave our team an opportunity to explore the realms of celestial mechanics. 

Basic Orbital Parameters 

Velocity 7 

X-Y Direction 180 

Z Direction 90 

Mass 1 

X- Coordinate 0 

Y- Coordinate 100 

Z- Coordinate 0 

Time Step 1 

Center Object Mass 4700 

Run Length 1000 

 

Analytic Solution 
 Although numerical integration is normally used to express solutions to problems 

without analytic solutions, in order to compare the accuracy of each numerical integration 

method, it is essential that the problem can be solved analytically as well as numerically.  

Using Keplerôs mathematical laws, formulas found in Orbital Motion by A.E. Roy, and 

help from our mentor, Mark Smith, we created a program in C# that gave an accurate 



solution to the ideal two-body problem.  Below is a brief description of the analytic 

solution.  The code for this section of the program may be found in Appendix I.   

 The first step in our analytic program begins with the calculations of the angular 

momentum, the mechanical energy, and the eccentricity vector, which are all conserved 

quantities within the orbital system.  The eccentricity vector is defined as the distance 

from the center of the ellipse to the center of mass of the focus. The eccentricity vectorôs 

magnitude is proportional to the eccentricity.  A planetôs location vector is a vector drawn 

from the center of a planetôs mass along the eccentricity vector. After calculating the 

location vector, we determine the true anomaly by calculating the angle between the 

eccentricity vector and the location vector as measured from the focus.  Using the true 

anomaly, eccentricity vector, and the current location, we derive the semi-major axis ñaò 

and the semi-minor axis ñbò.  Using Keplerôs third law we determine the period.  

According to the relationship described by Keplerôs third law, the square root of the 

period is proportional to the cube root of the semi-major axis.   

 Next, we use the true anomaly to determine the eccentric anomaly.  Using the 

eccentric anomaly and the true anomaly, we can derive the mean anomaly which we use 

to determine the time since perihelion passage.  The perihelion passage is the closest 

point along the orbit to the center of mass (the Sun in our model).  Using this 

information, we can determine the position and velocities of the planets at any point since 

perihelion passage. The point of perihelion passage is inline with the eccentricity vector.  

We can calculate the mean anomaly at a new time step because it is directly proportional 

to time.  The eccentric anomaly can be determined by solving Keplerôs equation.   



 Now we have the tools we need to begin calculating the exact position of the 

orbiting body.  We calculate the radius of the ellipse using the true anomaly, eccentricity 

and semi major axis.  Based on the true anomaly and radius, the position along the ellipse 

in the (x, y) coordinate system of the plane of the ellipse can be determined.  This 

coordinate system has the eccentricity vector as its ñxò axis.  The angular momentum 

vector is represented on the positive ñzò axis.  The cross product of the eccentricity and 

the angular momentum is shown on the ñyò axis.  We determine the location of the planet 

in the standard (x, y, z) coordinate system by finding the rotation between the elliptic and 

absolute coordinate system.  The magnitude of the velocity can be calculated using the 

mechanical energy.  The angle between the velocity and position vector is a function of 

the eccentricity and the true anomaly. The angle between the velocity vector and the 

position vector is a function of the true anomaly.   By subtracting the true anomaly from 

this angle we can find the x and y components of the velocity vector.  Similarly to the 

location vector, the velocity vector can be converted into the standard ñxò and ñyò 

coordinate system.  The solutions to the location and velocity vectors tell us exactly 

where the orbiting body is and how the body is moving at any given time.   

 

Eulerôs Method 
 Although Leonhard Eulerôs explicit numerical integration scheme might seem a 

little dated today, when it was invented in the late 18
th
 century, it revolutionized calculus.  

Eulerôs estimations might seem poor compared to todayôs standards, but we felt it was 

important to understand where and how numerical integration started.  We implemented 

Eulerôs Method first, as a sort of introduction to numerical integration.  Next, we 



modified the Euler Method slightly to create the Euler Cromer Method a modification 

that deal with specific ODEs.  Below is a brief description of the logic used in Eulerôs 

Method.  

 

 Eulerôs method calculates the slope at a given point, and steps forward a given 

interval to determine a new point. It then repeats this process at the new point.  The 

average slope between the initial point and the next point is changing with time unless the 

average slope is not equal to the slope of the initial point; thus, Eulerôs method will 

underestimate the change in the slope.  In the case of the two body problem, we have a 

known ODE defining the acceleration, the second derivative of the position.  This can be 

broken into two differential equations relating the position to its derivative, velocity, and 

the velocity to its derivative, acceleration.   These coupled differential equations are 

solved simultaneously using Eulerôs method.  Because the velocity effects the position, 

the new position is calculated before the new velocity.  The code for this section of the 

program may be found in Appendix I.  

 

Euler Cromer Method 

After researching Euler and numerical integration, we discovered that there were many 

methods build on the original Euler Method.  We decided to investigate the Euler Cromer 

Method, a symplectic integrator.  Tom Cromer was an American mathematician who 

developed this method in the 1980s.  A symplectic integrator is a numerical integration 

scheme that is designed to solve a specific set of ODEs.  Euler Cromer can only be used 

with coupled differential equations and is more accurate than the Euler method for the 



ideal two-body problem.  The Euler-Cromer calculates the new points based on the slopes 

at the current location exactly like the Euler method; however it updates the velocity 

before it updates the position.  This means the position is calculated based off of a later 

velocity increasing the methodôs accuracy.  The code for this section of the program may 

be found in Appendix I.  The equations for this method are below: 

 

 
http://en.wikipedia.org/wiki/Euler-Cromer_algorithm  

 

Leap Frog Method 

Yet another method that builds on Euler is the Leap Frog Method.  This method is 

commonly used as a replacement to Euler.  This method calculates the new position 

based off the velocity and the acceleration at a given time and updates the velocity based 

on the next time step.  This offsets the calculation of the position and velocity by a time 

step giving it its name as the positions and velocities ñleap frogò past each other.  The 

Leap Frog method only works with coupled differential equations.  The code for this 

section of the program may be found in Appendix I.  The general equations for the Leap 

Frog Method are listed below.  The change in time is represented by h. yn+1 is the new 

point. 

 

 

 
http://www.cs.princeton.edu/introcs/94diffeq/  

 

http://en.wikipedia.org/wiki/Euler-Cromer_algorithm
http://www.cs.princeton.edu/introcs/94diffeq/


The Runge-Kutta Methods 
 The Runge-Kutta methods were developed by German mathematicians Carl 

David Tolmé Runge and Martin Wilhelm Kutta in the late 19
th
 century.  This family of 

methods was more complex than Eulerôs Method and could be applied to a wide variety 

of problems, just like Eulerôs Method.  The two most popular Runge-Kutta methods are 

Runge-Kutta Order 2 (RK2) and Runge-Kutta Order 4 (RK4).  A second order method is 

one in which the error per time step is on the order of t
3
.  A fourth order method is one in 

which the error per time step is on the order of t
5
.  When the time step is less than one, 

the error decreases dramatically for the higher order method.  However, when the time 

step is greater than one, the error is greater for a higher order method.  The RK4 method 

is favored by scientists for this reason.  Even though it runs slower than some methods, it 

is able to take longer steps, it is generally considered to be a stable, accurate method.  

Below is a brief description of both the RK2 and RK4 methods.   

 

 The Runge-Kutta 2 method (RK2), also known as the midpoint method, takes a 

tentative step half way between the current point and the point we are aiming for and uses 

this slope to calculate the next point.  The slope from the midpoint will almost always be 

closer to the average slope between the current point and the next point.  The code for 

this section of the program may be found in Appendix I.  The formulas for Runge-Kutta 2 

are listed below.  The change is time is represented by h.  K1 is the slope at the initial 

point.  K2 is the slope at a half time step.  Yn+1 is the new coordinate. 

   

   

   



Note: This formula table was generated by Wolfram Math-World: 

http://mathworld.wolfram.com/Runge-KuttaMethod.html  

 

 The Runge-Kutta 4 (RK4) uses a total of four tentative steps, K1-K4, to calculate a 

slope based on a weighted average.  K1, K2, and Yn+1 all represent the same quantities as 

above.  K3 is also a half time step, but determined using the K2 slope.  K4 is the slope a 

full time step using the K3.  The code for this section of the program may be found in 

Appendix I.  The equations for calculating K1-K4 are as follows: 

   

   

   

   

   

Note: This formula table was generated by Wolfram Math-World: 

http://mathworld.wolfram.com/Runge-KuttaMethod.html  

 

Gillôs Method 

 Gillôs Method is an explicit numerical integration scheme very similar to Runge-

Kutta.  It was developed by British mathematician Richard D. Gill in the 1970s.  Gillôs 

Method takes tentative steps in a manner nearly identical to the Runge-Kutta 4.  The 

major difference is the weighting system for the slopes and the calculation of the K3 and 

K4 steps based on all the previous slopes.  The code for this section of the program may 

be found in Appendix I.  The equations are as follows:  

 

 

 

http://mathworld.wolfram.com/Runge-KuttaMethod.html
http://mathworld.wolfram.com/Runge-KuttaMethod.html


 

http://mathworld.wolfram.com/GillsMethod.html  

 

Modified RK2  

 In addition to implementing numerical integration methods that we researched 

online and in print sources, we implemented our own version of the RK2 method.  Our 

modified RK2 works in almost the exact same manner as the RK2 method; however, it 

calculates the k1 change in velocity based on the position from ½ time step ahead. This 

means the final positions and velocities are determined based on the slope at an estimated 

point one time step ahead.  The formulas we designed are listed below.  The code for this 

section of the program may be found in Appendix I.   

K1 x = f(t,v)dt 

K1v = g (t + ½ dt, x + 1/2K1x)dt 

K2 x = f(t + ½ dt, v + 1/2K1v)dt 

K2 v = g(t+ ½ dt, x + ½ K1x )dt 

Vn+1 = Vn + K2x 

X n+1 = Xn + K2v 

Adams-Bashford Method 

 Unlike Eulerôs Method or Runge-Kutta, the Adams -Bashford Method was 

designed to solve a very specific problem.  In 1883, British chemist Francis Bashford 

approached John Couch Adams with a set of differential equations that modeled capillary 

action, or the ability of a substance to draw another substance into it.  Adams, a 

prominent British mathematician and the discoverer of Neptune, designed a numerical 

integration scheme that estimated a solution to Bashfordôs differential equations, and 

helped model the flow of liquid in a capillary tube. 

 

http://mathworld.wolfram.com/GillsMethod.html


 The Adams-Bashford Method is a type of linear multi-step method for solving 

Ordinary Differential Equations. Linear multi-step methods use linear combinations of 

slopes at previous points to calculate the next point. These methods are not self-starting 

unless a sufficient number of points are already known. We chose to initialize our 

Adams-Bashford Method with the Runge-Kutta 4 because of its demonstrated accuracy 

in our tests and its wide usage.  The code for this section of the program may be found in 

Appendix I.  The formula for the Adams-Bashford follows:  

 

http://en.wikipedia.org/wiki/Linear_multistep_method  

 

 

 

 

 

 

 

http://en.wikipedia.org/wiki/Linear_multistep_method
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